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31 Introduction

G ; finite group, k ; arbitrary field

Definition (generic polynomial)

f(tl, ¢ o ,tn, X) & I{?(tl, ¢ oo ,tn)[X]
IS a k-generic polynomial for G
def

(G1) Gal(f/k(ty,...,t,)) = G
(G2) VG-Galois extensionL /K DO k,
Ja € K"st.L = Splef(a; X)







Examplesof k-generic polynomials

k > ¢, ; primitive n-th root of unity

X"™ — t Is k-generic for C,, (Kummer theory)

chark=p > 0

X? — X —t is k-generic for C,, (Artin-Schreier theory)

k ; any| k-generic for S,, with n — 2 parameters

X"4+0- X" 145 X" 2+t 5, 20 X°+5,_1X +5,1



G C S, ; transitive

Examplesof k-generic polynomialsf¢(X) for G

(X)) =X+ sX + s, (k; any)
(X)) =X —tX? - (t+3)X —1, (k; any)

F34X) = X'+ sX2+tX +t, (k; any)

FOHX) = X'+ sX2 + 8, (k; char k # 2)
2

fos(X) = X* 4+ sX* 28+4, (k; char k # 2)
’ u

D,, ; dinedral group of degreen, (#D,, = 2n)
C,, ; cyclic group of degreen,




G C S5 ; transitive, Ss-genericpolynomial
f3(X) = X°+sX® +tX +t, (k; any)

F5q ; Frobenius group of order 20 (F3g9 = Cg x Cj)

- Lecacheux’'sF>q-genericpolynomial (char k # 2) ~

f(X) = X34 (r2(p? +4) = 2p— ) X4+ ((p* + ) (37 +1) + 132 +1) X*

—(r(p2—|—4)—|—117p—8)X2—|—(p—6)X—|—1
N\ J

[ Brumer's Ds-genericpolynomial (k ; any) ]

FOHX) = X%+ (6= 3) XA+ (s — £+ 3) X% + (12—t — 25 — 1) X2 4 sX + 1

- Hashimoto-Tsunogai’'sC's-genericpolynomial (char k # 2)

~
Feip(X) = X°— 2 (A2—2A+15B%4+2) X3+ £, (2BX?— (A—-1)X —2B),
where

KP:(A2—A—1)2+25(A2-|—1)Bz-|—125B4, Q=(A+7B?*—-A+1 y
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~ [Generic polynomials (book, 2002)] by Jensen-Ledet—Yui\

fE(X) € k(?)[X]; k-genericfor G
&L (G1) Gal(£&(X) /k(t)) 2 G;
(G2)VG-GaloisL/ K D k,

. Ja € K"st.L =Splgf(a;X) )

Kemper’s Theorem (2001) Over Iinfinite field K,

(G2) <—= (G3)VH < G,VH-GaloisL/K D k,
Ja € K"st.L =Splgf(a;X)

DeMeyer (1983) gave the definition by (G1)&(G3) and
proved that if K is infinite, 3f% (X)) satisfying (G1)&(G3)
<= d(Saltman’s) generic extensiory K for G




o K =k =Fy,,G=0C3
C5(X) = X3 —tX2— (t+3)X — 1 € k(t)[X]
IS F5-generic for C5 (1.e. satisfies (G1)&(G2))
BUT It dose not satisfy (G3) because
s (X); irreducible /F,
£E3(X); irreducible /F,

DeMeyer-McKenzie (2003) showed
A f&(X) satisfying (G1)&(G3) for K = F, and G = C;



Some problems

ftG(X) . k-generic polynomialfor G
with n parameterst = (t1,...,t,)

L, := Splgf&(X) for a = (a1,...,a,) € K"

Assumef& (X)) is separable(i.e. has no multiple root)

Becausef& (X)) coversall G-Galois extensions ovelK D k
by specializing parameters, it is natural to askthe overlap:

Field isomorphism problem of f&(X)

Determine whetherL, = Ly ornotfor a,b € K™



f&(X) ; k-generic for G
L, := Splgf9(X) fora = (as,...,a,) € K"

By Kemper’s Theorem, if #K = oo, for H < G,
ff(X) also coversall H-Galois extensions ovel

Hence the following two problems naturally arise:

Subfield problemof £&(X)
Determine whetherL, C Ly for a,b € K"

Field intersection problemof £&(X)
Determine L, N Ly, for a,b € K"




(L := Splg £S(X) for a = (as,...,a,) € K" |

Moreover we want to know

K : number field

-

Isom(oco) : For a fixeda = (ay,...,a,) € K™,
_ 3?00 b = (b1y...,b,) € K"St. L, = Ly, ?

~

/

Ok ; ring of Integers in K

Isom(Int,oc0) : For afixeda = (a1,...,a,) € (Ok)",
L 3?00 b = (b1,...,b,) € (Ok)" st. L, = Ly, ?

10



32 Results: the cubic case

Thm. 1 (H.-Miyake) | Assume that chark # 3.

et f53(X) := X3 4+ sX + s € k(s)[X].
For a, b € K, Splg£53(X) = Splg £°(X)
<

11



Thm. 1 (H. - Miyake)

~—> du € K s.t.
b =

Assume that chark # 3.

et f23(X) := X? + sX + s € k(s)[X].
~or a,b € K, Splg f22(X) = Spl f,* (X))

a(u? + 9u — 3a)’

(u? — 2au? — 9au — 2a? — 27a)?

12
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/Thm. 1 (H. - Miyake) | Assume that chark # 3. \
et f53(X) := X34 sX + s € k(s)[X].

~ora,b e K,L, = L, (Lo := Spl 23 (X))
<— du € Ks.t.
b a(u? + 9u — 3a)’
\ ~ (ud — 2au? — 9au — 2a? — 27a)? Y

Let K be a number field.

Applying Hilbert Irreducibility Theoremto Thm. 1 /K (u),
Joo u € K s.t. fi(X) is well-defined & irreducible /K

Cor. Isom(oco)
—oragivena € K, doob € K s.t. L, = L
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/Thm. 1 (H.-Miyake) | Assume that chark # 3. \
et f23(X) := X? + sX + s € k(s)[X].

~ora,b e K,L, = L, (Lo := Spl 23 (X))
<— du € K s.t.
b a(u? + 9u — 3a)’
\  (ud — 2au? — 9au — 2a? — 27a)? Y

_et K be a number field andOg the ring of integers in K.

Theorem (Siegel, 1929)
f a rational function ¢(u) € K(u) has at least three
distinct poles, then there are only finitely manyu € K

S.1. QO(’U,) e Ok
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/Thm. 1 (H.-Miyake) | Assume that chark # 3. \
et f53(X) := X34 sX + s € k(s)[X].

~ora,b € K, L, = L, (Lo := Splg £72(X))
<— du € Ks.t.
b a(u? + 9u — 3a)’
\  (ud — 2au? — 9au — 2a? — 27a)? .

Applying Siegel’s Theorem toThm. 1

K ; anumber field, Ok; the ring of integers in K

Cor. Isom(Int,oc0) | For a givena € Ok,
3 only finitely many b € Ok s.t. L, = L




e Foragivena € Ok,
all b € O with L, = L, can be obtainedeffectively.

Example, K =Q, 0O =7%Z

For —10 < a <10 and b € Z,
L, = L (a;éb) <

(L

L—7 — L—1588867 — L—189 — L—491
L—6 — L12 — L54 — L48000; L—5 — L6251
L—4 — L1281 L—3 — L271 L—2 — L34561

—10 — L—106480 — L—4001 L—9 — L—3087 — L—271

\I/l — L3OO7631 L2 — L2089742221 L4 — L3456000/
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For Cs, we take k-generic polynomial
C5(X) = X® —tX? — (t+3)X — 1 € k(t)[X]

which is called Shanks’ simplest cubicpolynomial

17



Thm. 2 (H. - Miyake)

Assume that chark # 2.

et fO5(X) := X3 —tX?2 — (t+3)X —1 € k(t)[X].

For m,n € K, Splgf&3(X) = Splg £ (X)

<— dz € K s.t. eithern =

or n = —

m(z3 — 3z —1) —9z(z + 1)
mz(z+1)+ 23+ 322 -1
m(z3 4322 —1) 4+ 3(23 -3z —-1)
mz(z+1)+ 23+ 322 -1

Remark| In the case ofC5, Morton (1994) and Chapman

(1996) gave a similar result as a generalization of Kummer
theory (without cubic root of unity)

18
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/Thm. 2 (H.-Miyake) | Assume that chark # 2. \
et fO3(X) = X% —tX?2— (t+3)X — 1 € k(t)[X].
—or myn € K,

Splg frd (X) = Splg f73(X)
<—> dz € K s.t. eithern =

m(z3 —3z—1) —9z(z +1)
mz(z+1)+ 23+ 322 -1
m(z3 +322 —1)+3(2z3—-32—1)

\ o m= - mz(z+1)+23+322 -1 /

Cor. Isom(co)| Let K D k be a number field.

Form € K,Joon € K s.t. Spl £f&3(X) = Spl £ (X)

Cor. Isom(Int,o0)| Let K DO k be a number field.

~or m € Ok, 3 only finitely many n € Ok s.t.
Splg fr2(X) = Splg f73(X)



Example, K = Q, Ok = Z, L,,, = Splyf53(X)

e Notethat |L_,,,_3 = L,,

For -1 < a <10 and —1 < b € Z,

/L_l = L5 — L12 — le\

59,
Lo = L3 = Ls4,
L, = Lgg,

\Lz — Lasgo /

L, =1L, (a;éb) <—
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33 Proof of the results
(via formal Tschirnhausen transformation)

Note first that, for fixeda, b € K™, analgorithm to the

field isomorphism problem (L, = Ly, ?)

subfield problem (L, C Ly ?7)

field intersection problem (L, N Ly, = 7)
of f&(X) alwaysexists!

—— Using resolvent polynomials (well-known)

BUT an algorithm does not know
the structure of all G-Galois extensions




For example (well-known method)
for (X) =
X°+(t—3)X*+(s—t+3) X+ (t?—t—25—1) X?+sX +1
Fora = (a1,a2),b = (b1, b2) € K?,

assumefPs (X)), f2°(X) ; irreducible (Gal 22 Dj or Cs)

For example, we takeK = Q

a=(0,1),b=(1,1),c = (—1,1) then Gal = D5 and
o SplafP(X) # Splyfy, " (X)

e SplyfPe(X) = SplyfPs(X)

22
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Put F, *(Z) := Resultanty (fP=(Y), f,*(Z — hY))
“Z =X+ hY” , degree 25 (7T resolvent polynomial)
We can chooseéh € Z asF,*(X) hasno repeated factor
Then

decomposition type (DT) of F25(X) over K is given by
a,b

(5)(5)(5)(5)(5), if Ly = Ly, Galg fP5(X) = Cs
DT(F,¥) = { (5)(10)(10),  if Lo = Ly, Galx f2*(X) 2 Dy

(25), otherwise

[La := Spl fP:(X) for a = (a1,a2) € K? ]




K ; (fixed) alg. closure of K,
f(X) =%, (X — «a;); degreem with fixed ordering of «; € K,
H < G< Sn,

For ©® € k[xq,...,x,,]; G-primitive H-invariant, i.e. H = Stabg(0),

24

Resolvent polynomial (well-known method) (cf. Cohen’s book GTM138)

- surjective specialization homomorphism ~
wr k[T, Tm] = E(azy ...y 0m);
L @(ml,...,wm)'—>@(Oé1,---aam) )

RPoc(X):= || (X —7(©)) € k(x1,...,2m)%[X];
®cG/H
IS calledformal G-relative H-invariant resolventby ©

RPocs(X):= || (X —ws(w(©)));
®€G/H
Is called GG-relative H-invariant resolventof f by ©



25

Assume that Gal f(X) < G
RPo.c.r(X) =[]._, h(X) ;irreducible decom. /K

Then there exists a bijection

4 N

Gal(f)\G/H «— {h{*(X),...,h'(X)}

Gal(fyrH +— h(X)= ][] (X—ws(7(9)))
\ rHCGal(f) = H /
For a k-generic polynomial £&(X) for G,

we can apply f = f(X)£E(X),
some suitableG < S,, X S,, < S,,and H < G
(— called multi-resolvent)
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e ThecaseoflG =5, X S,
f=fX)fRH(X), (b € K7)
A(S,, X S,); diagonal subgroup ofS,, X S,, (£ S,)

Theorem

Let © be ans,, X S,,-primitive

A(S, X Syp)-invariant. For a,b € K", assume that
(1) £5+(X) and fo~(X) are irreducible over K;
(2) Galg fo~(X) = Galg fo~(X) =: G
and all subgroups ofG with index n are conjugate inG,
(3) RPe,s,xs,.7(X) has no multiple root.

Then

[La = Ly, < RPeo.s,xs,.r(X)hasarootin K ]




The case off”3(X) = X + sX + s

f=r3X) 3 (X)
Take ® = x1y1 + ®2y2 + x3ys then we obtain
= X% — 6stX* — 27st X3 + 9s%t* X ?
+ 81s%t? X — s%t*(4st + 27s + 27t)

/For a,b e K, A
\La =L, < F,p(X)hasarootin K

Moreover we get an answer of thdield intersection problem:



Thm. (Field intersection problem

of fSSff(X) = X3 4+ sX + s)

Fora € K, put L, := Splgf>(X),G, := Ga
AassumeCs < G, < G}, and F, ,(X') has no mu

(Gga, Gbp) decom. Fy, (X))
(S3,S3) | LaNLy =K 6
[LoNLy: K] =2|3,3
L, =L 3,2,1
(C3,S3) | LoNLy =K 6
(C3,C3) | Lg # Ly 3,3
0 L, =L 3,1,1,1

(La/K)

tiple root

28



ldea of the proof : formal Tschirnhausen transformation

f(X) € K[X]: monic, degreen,
roots 1, . . . , oy, IN fixed alg. closure of K

g(X) is Tschirnhausen transformation of f(X) over K

def
< HCO,...,Cn_l € K

st.g(X) = H(X — i cjol)

f(X) ~k g(X) : Tschirnhausen equivalent

s f(X) and g(X) are Tschimhausen
transformation each other

29



e f(X), g(X) € K[X];irreducible separable, degreen
ROOtsal, SRR 8 275 /8]_7 IR /B’I’L

f(X) ~kx g(X)
<— K(o;) = K(B,) for somez, j
— K[X]/(f(X)) =k K[X]/(g(X))

e [N particular,
f(X) ~k g(X) = Splgf(X) = Splgg(X)

e \We considerformal Tschirnhausen transformation
as follows:

30



e \We consider a Tschirnhausen transformation
fs(X) — r?=1(X — 5’52) - ft(X) — H?=1(X — yt)

Yi = o+ wi®; + 00 +upgxl L (E=1,...,n)

Then we see

o ( Clt), y>) Y1
ul( :B>7 y>) . D_1 Y2
un—l( 33)9 y>) Yn

where D = [2) '|;<; j<n ; the Vandermonde matrix
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By Cramer’s rule,

1—1 1+1 n—1
1 LTy1 -+ Xy Y1 T4 IO /1

1—1 1+1 n—1
1 wz o o o wz yz w2 e o o wz

’LLZ(?, 7) — A;l - det

1 T, °*°-° xrt

L n

where Ay := [, <;cicn (€5 — x4)

Write u; := u;(z, ¥ ), (i =0,...,n — 1) for simplicity

Key Lemma| u; € K(T1y..esTpsYise-.5Yn) IS
Sn X Sp-primitive A(S,, X S,)-invariant




The case ofS3 : f73(X) = X34+ sX + s

Take ©® = u,, (z = 0,1, 2), (formal Tschirn.-coeff.)
G=S5,%x8, H=A(S, X S,),

f=f5f>> where f% = X3 4+ sX + s

We obtain G-relative H-invariant resolvent of f by ® = u;

F!(X):=RPucs(X)= || (X —ws(m(u)))
7cG/H
(i =0,1,2)

/Fora,beK, A

L,=L, < F',(X)hasarootin K
N ’ /




34
We see

8s3t 8s3t
FO(X) = X — RS '
’ D, D,
16s%t? .,  32s°t? 64s°%t?(s — t)
+ X“ 1 X — ’
D?2 D?2 D3
) ¢ 65t . 27Tst | 9s%t? _,
FL(X) = X° 4 =X ZEX0 4 =X
81s3t? s*t?(27s% 4+ 729t + 108st + 454t
-+ X + ( )7
Dz D?
18st 27t
th(X) — X6 . 4 X3
o D, D,
81s%t? .,  243st? 729s%t%(s — t)
| X~ 4 X —
D?2 D?2 D3

where D, = —s?(4s + 27) (discriminant of X° 4 s X + s)



Finally we put |u := 3 - uy/us

then we get

Foy(X) = (s — t) - RPuc.s(X)
= s(X?4+9X —3s5)° —t(X?—25X?—-95X —25°—27s)?;

G-relative H-invariant resolvent of f by u

(G = Sp X Spy H = A(S,, X Sn), f = f3F72)

/For a,b e K, A
\La =L, < F,p(X)hasarootin K

This resolventislinearint! — |Thm. 1

(t «<— b, s+—a, X «— u)



Thm. 1 (H.-Miyake) | Assume that chark # 3.

et f53(X) := X3 4+ sX + s € k(s)[X].
For a, b € K, Splg£53(X) = Splg £°(X)
<— du € K s.t.

b =

a(u? + 9u — 3a)’

(u3 — 2au? — 9au — 2a? — 27a)?

36
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By the similar way, we get

Thm. 2 (H. - Miyake)

Assume that chark # 2.

et fO5(X) := X3 —tX2 — (t+3)X —1 € k(t)[X].

Form,n € K, Splg f<3(X) = Splg £ (X)

<— Hdz € K s.t. eithern =

or n = —

m(z3 — 3z —1) —9z(z + 1)
mz(z+1)+ 23+ 322 -1
m(z3 4+ 322 —1) 4+ 3(2z% -3z —1)
mz(z+1)+ 23+ 322 -1
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34 Application of the results:
a parametrized family of cubic Thue equations

Take K = Q and Shanks’ simplest cubic
(X)) =X?>-—mX? - (m+3)X —1form € Z

L,, := Splyf53(X) is called simplest cubic fields

We consider a parametric family of cubic Thue equations

[Fm(X, Y):= X3 - mX?Y — (m+3)XY2-Y3 = j]

for m € Zandj € Z\{0}.
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[Fm(X, Y):=X?—-mX?Y — (m+3)XY?-Y3 = jj

®j = o

-1, Thomas (1990) (form + 1 > 1.365 x 107,
m + 1 < 10°) and Mignotte (1993) (the remaining case)

solved

F(X,Y) = -

-1

Note that

completely

F o, 3(X,Y)=F,(-Y,—X),
—F.(X,Y) = Fp(—X, —Y)

Hence we can suppose that1 < mand0 < 3 (WLOG)
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[Fm(X, Y):= X3 —mX2Y — (m+3)XY2-Y3 = j]

For —1 < m € Zandj = 1, all integer solutions of
F,.(X,Y) = 1 are given by trivial solutions

(x,y) = (0,—1),(—1,1), (1,0) for an arbitrary m
and additionally

(x,y) = (—1,—1),(—1,2),(2,—1) for m = —1,
(z,y) = (—9,5),(5,4), (4, —9) for m = —1,
(z,y) =(—3,2),(2,1),(1,—3) for m =0,

(z,y) = (—7,—2),(—2,9),(9,—7) for m =2
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[Fm(X, Y):= X3 - mX?Y — (m+3)XY2-Y3 = j]

e F,,(X,Y)isinvariantunder X +— Y — —X - Y,

e (x,y) is integer solution
— (y, —x — y) and (—x — y, ) are also integer solutions

e Mignotte-Petho-Lemmermeyer (1996) investigated
F..(X,Y) = forgeneralj € Z

and gave a complete solution to Thue inequality

I Frn(X,Y)| <2m 4+ 3

o L ettl-Petho-Voutier (1999) studied Thue inequality
| Fn(X,Y)| < g(m)wherey : Z — N
under some assumptiorby the hypergeometric method
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L, = Splen(’;?’(X) ° [Lm =L_,,_ sform e Z ]

By Thm. 2,

L, =1L, < dz € Qs.t. either

m(z3+322—-1)+3(23—-32—1)
mz(z+1)4+23+4+32%2—-1

m(z3—32—1)—9z(z+1)
mz(z+1)4+23+4+32%2—-1

Write z = y/x with ged(x,y) = 1 then we have

— _ (m?+3m+9)zy(z+y)
Fm(m,y) Orn = m 3 Fm(way)

olf x,y € Zst. F,(x,y) =: 7| (m? 4+ 3m + 9) and
xy(x +y) # 0thendn € Z\{m,—m — 3}st. L, = L,,

n — or n =

m?*+3m+9 +

e We can show thatthe converse also holdshamely



Thm. 3|Foragivenm € Z,
In € Z\{m,—m — 3} s.t. L,, = L,
— A(x,y) € Z* with zy(x + y) # 0 s.t.

Fm(wvy) =
for somej € Nwith j | (m? + 3m + 9).

Conversely3such an integer solution(z, y) € Z2
— n € Z\{m, —m — 3} which satisfies
L,=1L,, =L_,_slIsgivenas

TN =m
| Fo(z,y)

- (m® +3m + 9zy(z + y)

43



Hence we get

fora givenm € Z,

dn € Z\{m,—m — 3}s.t. L, = L,,
¢ Thm. 3

A(x,y) € Z* with zy(x + y) # 0
st FE,(z,y) =73|m*+3m+9

Note that
(i) the discriminant of F,,,(X,Y) is (m? + 3m + 9)?,
(i) if xy(x +y) = O0then |F,,(x,y)| € Z*

and hence forj € Z3 another trivial solutions exist
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R. Okazaki (2002) studied Thue equationf(X,Y) =1
for an irreducible cubic form f(X,Y)
with positive discriminant

He established a strong result on gaps between solutions

For example

Take f(X,Y) as
F.(X,Y)=X°—-—mX?Y —(m+3)XY?-Y"

We get

40000 < m + 1

—> F,,,(X,Y) = 1 has only three trivial solutions
(z,y) = (0,—-1),(—1,1),(1,0)




Using this result, Okazaki showed the following theorem:

Thm. (R. Okazaki)

For —1 < m,n € Z,

if L,, = L,, (m # n) then
m,n € {—1,0,1,2,3,5,12, 54, 66, 1259, 2389} .

In particular, we get

/13—1 = Ls = Li3 = Ly»
Lo = L3 = Lgg4,

L, = Lgg,

kLz = L233g9

~

09

/
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Although the result seems to be unpublished yet (up to now),
a brief sketch of the proof is available at

http://www1l.doshisha.ac.jp/ rokazaki/papers.html
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[Fm(X, Y):= X3 —mX?Y — (m+3)XY2-Y3 = jj

As a conseguence ofhm. 3 and Okazaki’'s Thm.,
we obtain the following corollaries:

Cor.|For m > —1, the all integer solutions(x, y) € Z?
with zy(x + y) # 0 of Thue equationsF,,,(X,Y) = 3
with 5 € Nand 7 | (m? 4+ 3m + 9) are given on Table 1.
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Tablel

m2—|—3m—|—9

(_1a _1)’ (_19 2)’ (2’ _1)

54 —20 (—4, —1),(—1,5),(5, —4)
—1262 1254

12 —20

—2 —2

-1 —2 (—1,—1),(—1,2),(2, —1)
1259 —182 (—13, —1),(—1,14), (14, —13)

5 —20

—3 —6 (—2,3),(3,—1),(—1, —2)

3 : : —20 (—4,—1),(—1,5), (5, —4)
—2 613 7.613 —180 (—5,9), (9, —4), (—4, —5)

12 613 7.613 —182 (—13, —1),(—1, 14), (14, —13)
s | 7e® [ 7ee® ] 1254 | (-19,22)(22,-8). (=3, ~19) |

2 673 19 - 673 —126 (=7, —2),(—2,9),(9, —7)




49

[EAXJQ::Xﬁ—mxﬁﬁ—m%+mxy%—YL:{J

Cor.

For m > —1, integer solutions(z, y) € Z?

with zy(x + y) # 0 of Thue equations

existonly form = —1,1,5,12, 66,1259 as on Table 1.

F.(X,Y)=m*+3m+9
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35 Some numerical examples: the quintic case

Take a k-generic polynomial for D5 (Brumer’s form) :
for (X) =
S p(t—3) X4 (s—t+3) X3+ (12—t —25—1) X245 X +t

We obtained anexplicit formula of two resolvent polynomials

(X), F StS, »(X) € k(s,t,8",1")[X] ; degreel0

sts’t’

Thm. 4| For a = (al,az),b — (bl,bz) & K2
L,= L, <= F; (X)-F2 (X)hasarootinK.

See, In detall, arXiv: 0804.4875v1 [math.NT]

Moreover we get an answer of thdield intersection problem:



Thm. (Field intersection problem off 5)

For a = (a,l, az) b = (bl, bz) & K2

51

put G, := Galg f. >, (X), Gy := GaIbel’b2(X)
AassumeG, > Gy, > Cs then we have:
Ga | Gb decom.F;, | decom.F7,
Ds X Dsy L.NLy =K 10 10
D (C5XC5)><]CZ [LaﬂLb:K]: 9,0 5,0
5
Dy 5,2,2,1 5,5
D+ L, = Ly
5,5 5,2,2,1
Cs Ds x Cs L,NLy =K 10 10
Cy X Ch La¢Lb 9,0 9,0
Cs | Cs 5,1° 5,5
Cs L, =Ly
5,5 5,1°
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Example 1| Take K = Qandt := 1. Then

£i2(X) = X5—2X*+(s+2) X3 —(2s+1) X2+ sX +1
For a1, b1 € ZInthe range —10000 < a; < b; < 10000,
SPlechﬁ(X) = Splg b1,1(X)

<— (a1, b1) € X; U X, where

X1 = {(_69 O)v (_17 41)7 (_947 _10)}7
X, = {(-1,0),(—6,—1), (—18, —7),
(17 34)9 (Oa 41)9 (_67 41)7 (_1679 _8)}

For eachz = 1, 2, we checked byl'hm. 4 that

(a1, b)) € X; <— F" (X)) has arootinQ

ai,l, bla

for —10000 < a; < b; < 10000
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Example 2 Take K = Q.

Kida-Renault-Yokoyama (to appear in Int. J. Number
Theory) showed that

Joo by € Qs.t. Splyfy 2 (X) = Sply.fy.5 (X).

Their method enables us to construct suclb,’s explicitly
via rational points of the associated elliptic curve.

They also pointed out that in the range
—400 < by, by < 400,

3 25 pairs (b1, ba) € Z2 s.t. Splyfo s (X) = Splyfy 3, (X)

19b2
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We can classify the25 pairs by Thm. 4;

Splyfor (X) = Splyfy.5,(X)

< F§,, 5.(X), (4 =1,2)hasarootin@Q

<— (b1, bs) € X;, (¢ = 1,2) where

X; = {(0,1), (4, —1), (4, 5), (—6, 1), (—24, 19), (34, 11), (36, —5),
(46, —1), (—188, 23), (264, 31), (372, —5), (378,43)},

X, = {(—1,-1),(=1,1), (5, —1), (41, 1), (—43, 5), (47,13), (59, —5),
(59, 19), (101, 19), (125, —23), (149, 11), (155, 25), (—169, 55)}

By Thm. 4, we can show that

Fy, 4 4, (X) hasarootinQ = (b, b2) = (even, odd)

F§ 1 b, (X) hasarootinQ = (b1, b2) = (odd, odd)



We do not know, however, whetheraoo(sl,tl) c 7
S.t. Spb2 (X)) = Spl@ by ., (X ) OF NOL

By Thm. 4 (an explicit formula), we checked such pairs
In the range —20000 < b, by, < 20000;

and we should add just

X; = {(526,41), (952, 113), (2302, 95),
(6466, 311), (7180, 143), (7480, —169)}

X, = {(785, —25), (3881, 29), (—11215, 299), (19739, —281)}
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Example 3| Let h,,(X) be Lehmer’s simplest quintic

hn(X) = X° 4+ n?X*— (2n°® + 6n? + 10n + 10)X°
+(n*+5n° +11n° +15n +5)X? 4+ (n° +4n° + 10n + 10) X + 1

and take K = Q (Gal(h,(X)/Q) = C5)

For Brumer’s quintic f,77(X), we see that
s = —20 — 5n + 10n? + 12n3 + 5m* + n°,
t=—7—10n — 5n? — n?

Using Thm. 4, we checked pairs(n, m) € Z? in the range
—10000 < n < m < 10000 to confirm that
Splgh,(X) = Splphp(X) < (n,m) = (—2,—1)
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Thm. 4/ For a = (al, CL2) b = (bl, bz) & K2
L,= L, <= F} (X)-F2 (X)hasarootin K
where

—_ . /7 4 3 E 9 ﬁ C_02
FLo(X) = (X° = (t = 3)(¥' = 3)X* + o X+ TX7+ DX + )

d2 dl2

(X2+(t—|—t’— 1)X—|—(s—t—|—s’—t’—|—tt’—|—2)>2,
F2 o (X) == Fl o150y 62, —1/8,6n,00 (X)
and d? € k(s,t) is given by

d? = s?—45°+4t—14s5t—305%t—91t* —34st?+s2t2+40t° +24st5+-4t* —4¢°

The coefficientses, ¢z, c1, co € k(s,t,s',t') of F,l,(X) are
explicitly given in terms of s = (s, t) ands’ = (s, t’') as



c3 = [23—21t—|—3t2 —2ts’ +12’ —tzt’} +31—3ss’ +5it/,

co = [—203 +112t+8st—32t% +2t% +5ts’ —13sts’ —12t%s’ +4t3s’ —15stt’
41482t + 23t +-8t3s"t/ —2t3t’2] —102427ss’ —119tt’ — sts’t’ +6t3t'2,

c1 = [323+ 252 —128t—26st+60t% +4st? —8t3 — 6525’ —Tts’ +38sts’ +9t%s’ —5st3s’
— 1235’ + 2%’ —20ts’? —8sts’? + 613’2 +2t3s"% +-2stt’ — 7T’ +3st2t’ +8t3t' —29t%s’t/
+st2s’t +18t3s’t! — 2st2t’? —|—1Ot3t’2} +80—37ss’ +145tt’ —45sts’t’ +24t2t'% — 83>,

co = [—163—232 +56t+24st+2s5%t—38t2 —8st? +8t3+55%s’ —2ts’ —38sts’ —Ts?ts’
+5t2s" +13st2s’ +8t3s’ +2st3s” — At?s’ —21ts’? —11sts’? —2t%s'2 + 2st2s"% + 4¢3’
—104stt’ —33s2tt’ +105t%t" 4+ 35st2t’ +4t3t’ +16st3t’ —6t*t’ — 2t°t' — s?ts’t’ +36t%s't’
—14st3s’t! —6t3s't! +6t%’t! +- 822t —37st?t'? +22t3t'% —25t3t'% 48t/ + 835"t ?

—2t4t’3] 244 14ss’ —8s25’? —224tt’ 4 sts’t’ —101t3t'% — st2s’t’? —8t3¢’°

where |a| := a + ¢(a)
with ¢ : s « s',t «— t' for a € k(s,t,s’,t")
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